The paper contributes a new fully nonlinear planar finite element formulation, taking into account large deformations as well as material nonlinearity, for helical structures where helical constancy can be exploited. The helical structures may consist of one or several helices that may be free or embedded in some matrix material. While diverse homogeneous deformation modes could be considered, the present paper focuses on axial elongation and axial torsion, being the dominant ones. The derivations are explained and the model predictions are verified by comparison with those of three-dimensional finite element models using commercial software. Suggested applications of the numerically efficient model include analysis of highly hierarchical helical structures found in tendons.
Introduction
Helical architectures, due to their particular shape, exhibit peculiar structural characteristics, such as local strain reduction and coupling between elongation and torsion. Thus, they appear in both natural and human-made structures. In the biological world, they can be found from the nano-and micro-scale (DNA and proteins) to the macro-scale (e.g. plant leaves). They are also used in engineered applications such as power cables and springs.
Helical structures in engineering applications
Springs, power cables or wire ropes are nowadays widely utilized in various fields. Their engineering relevance has greatly pushed the research with many models being implemented to analyze different aspects. Depending on which problem is addressed, analytical or finite element models have been proposed. Love's theory [1] set the base for curved wire based models, developed in later years by Hruska [2] , Utting and Jones [3] , Jiang [4] , Sathikh [5] and Costello [6] , just to name a few. Similarly applicable to thin structures, the general theory of rods by Green and Laws [7] has been the base for the work of Ramsey [8] on helical wires.
Wire cables and ropes undergo various loading conditions, and analytical models have been extended to accommodate such cases: for example, to analysis of stresses within wire strands due to bending (e.g. the work by Knapp [9] , Feyrer [10] , Raoof [11] ), or the fatigue related wear [12] .
Finite element (FE) modeling, utilising beam or solid elements, has been deployed to fully describe the interactions of cable components in complex behaviour arising in practical problem, such as overhead lines under tension and bending [13] , contact and friction between wires [14] , residual stress after manufacturing [15] , or to study the electromagnetic interactions within armored power cables [16] . FE has also been used to challenge the validity and find the limits of the aforementioned analytical models in the work by Ghoreishi [17] . FE comes though with a computational time disadvantage, and work has been done to find ways to reduce it by cleverly setting boundary conditions [18, 16] or by reducing the domain to a planar section as in the work of Nawrocki and Labrosse [19] , Treyssède [20] and Frikha [21] .
Because of the specific application to springs, cables or ropes, linear elasticity and small deformations are usually assumed within those models.
Helical structures in tendons
A more recent field where helical structures modelling techniques have been implemented can be found in biomechanics, and more specifically in tendon structural analysis.
Tendons are highly structured tissues [22] , whose modeling is of topmost importance due to the high incidence of tendon injuries [23] . An increased understanding of its mechanics would allow for a better prediction of the mechanotransduction and, subsequently, of tissue repairing, bringing fruitful insights into medical research for injuries and post-surgical treatments. [24] , while the local strains remain in a much smaller range, guaranteeing tissue integrity [24, 25] . Studies [26] pointed out how the tendon's hierarchical structure is necessary to lower the effective stretch, together with other mechanisms such as fibril sliding [27] .
Tendons withstand high macro-deformations
Recent studies [28] have suggested helically distributed fascicles to exist within the equine superficial digital flexor tendon. In their experiments the tendon, when elongated, showed a rotation around its longitudinal axis, that could be explained by the presence of a helical geometry. Additionally, the twisted nature of achille's tendon is a well known topic firstly pointed out by Cummins and Anson [29] and recently further explored by Edama et al. [25] .
Another example of helically wound structure can be found within the fascicles. Due to tenocytes interaction with the surrounding environment [30] , the collagen fibers are locally bent in what is called fibrillar crimp [31] [32] [33] . Uncrimping is proposed as one of the main mechanisms that give raise to tendon peculiar Jshaped force-displacement curve.
The aforementioned mechanotransduction is a key point in tissue engineering. Cells (in our particular case, tenocytes) feel and react to environmental states of deformation, and they might be induced to perform better in certain conditions [27] . Understanding how the tendon's response to external macro-deformation scales down to the fibril-to-fibril interaction (where the cells are found), is therefore of critical importance.
Modeling techniques in tendon structural analysis
Due to the complexity of its structure and the different phenomena happening at each scale, a numerous amount of widely differentiated models have been applied to simulate tendons.
A constitutive modeling approach has been implemented by Grytz and Meschke [31] and by Shearer [34] to simulate fibril crimping with helical arrangement. A 3D FE model can be found in the work by Reese et al. [33] , where the helical crimping of fibers within fascicles has been analysed. Here, it is stated that the high number of degrees of freedom required by the model set the limit on the accuracy to 12%.
Deeper in the hierarchical structure, tropocollagen molecules have been modeled by means of atomistic modeling by Gautieri et al. [26] . Alternatively, Hambli and Barkaoui [35] studied mineralized collagen microfibrils with a full three-dimensional shear lag model, where tropocollagen molecules and the mineral embedding matrix were considered with an isotropic material law and the cross-linking molecules were modelled by nonlinear elements.
Current paper
From the aforementioned models, it is clear that any increase in modeling detail (such as more complex geometries or interactions) is associated with an increase of degrees of freedom and, accordingly, an increase of the computational costs. Additionally, analytical methods are widely spread for helical structures analysis, but they are limited to simple geometries with no embedding, and they do not provide a detailed response in terms of strains and stresses within the cross-section. This paper will show the reduction of helical structures (inherently a 3D geometry) into a planar model, hence reducing the degrees of freedom and speeding up the solution time. Consequently, a leaner model of the considered structures would allow for more complex and physically meaningful helical assemblies to be analysed. This procedure is allowed by assuming a helical symmetry of the undeformed and deformed shape, where state variables such as strains and stresses are homogeneous along the body. This independence in deformation of axial direction will be shown and it implies that the response to an external macrostrain is uniform along that direction, a property that has been called Translational invariance by Frikha [21] .
The focus of the current article is set on the derivation of the planar model and its verification with a corresponding threedimensional counterpart, with identical boundary conditions and material definitions.
Model
The idea behind this model has already been explored [21, 36, 20] by imposing an admissible curvilinear displacement field. The forthcoming model uses a different approach that allows a simpler understanding and it offers a straightforward derivation from the basic nonlinear continuum mechanics framework, based on the theory developed by Zubov [37] . While the original work by Zubov laid down the PDEs governing the helical deformation, the present work extends it to a finite element approach. Thanks to the latter, more complex geometries can be solved easily.
In particular, the case of helical inclusions in a cylindrical solid material highlights an advantage of the current derivation over Zubov approach, whose work considered the reference crosssection to be lying on the X 1 X 3 -plane. As soon as the geometry analyzed would depart from a single helix geometry, this choice would lead to a rather inconvenient geometrical domain, which would not be of clear interpretation (see Fig. 1 ). Additionally, the region size to be considered would depend on the pitch of the inclusions, requiring quite large reference cross-sections, and would require cumbersome boundary conditions to be introduced (see Fig. 1 ). Ultimately, when dealing with rod-like structures as Fig. 1a , it comes natural to think of its transversal cross-section. Therefore, the cross-section lying on the X 1 X 2 -plane has been chosen to be of reference.
In the next sections, the geometry will be explained and the model theoretical backbone will be derived.
Basic definitions of helical assemblies
To fully define a helical assembly, two ingredients are required: a planar geometry and a pitch value l.
A planar geometry is any closed surface lying on a plane and, eventually, containing subregions or holes of any shape. Throughout the current paper, we will assume the planar geometry to be on the X 1 X 2 -plane and the axial direction to correspond to the X 3 direction, being (X 1 ; X 2 ; X 3 ) the global coordinates system having (E 1 ; E 2 ; E 3 ) as basis vectors. When such planar geometry is continuously translated in X 3 -direction by a valueX 3 and contemporarily rotated around X 3 -axis by an angleû, a solid (here called a helical assembly) is obtained (see Fig. 1 for reference). Such a transformation is well known in Solid Modeling, where it is often referred as extrusion with twist.
The pitch value l, sometimes also referred to as helical slope, is defined as the ratio between the translation and the rotation amounts as l ¼X 3 u . To obtain uniform helical assemblies (as the ones considered here), the pitch value needs to be constant along X 3 . The sign of l also defines the handedness of the helical assembly: if positive, the helical assembly is ''right-handed", otherwise is ''left-handed". The limiting cases are l ! inf, corresponding to a straight extrusion of the planar geometry, and l ! 0, corresponding to the degenerate solid obtained by solely revolving the planar geometry around the X 3 -axis.
The bodies so obtained can range from thick single wire helices (not only of circular cross-section) to more complicated geometries as, for instance, cylinders or hollow cylinders with helical reinforcements or voids and twisted bars of any cross-section. Additionally, the mentioned single helices, inclusions or voids don't need to be of circular section, but they can have any arbitrary cross-section.
Load cases
The kinematic model used assumes homogeneous deformation of the solid body described above. While any load case that preserves the helical symmetry and therefore maintain the helical shape could be considered, the model is derived and verified for axial elongation and axial torsion. Other load cases that could be analyzed are, for instance, radial pressure, thermal expansion and uniform contact with no sliding, here not considered. Fig. 2 shows a depiction of the load cases analyzed here. Axial elongation is represented by the axial elongation stretch k a : when considering a cross-section lying at X 3 ¼X 3 , the corresponding imposed average axial displacement is DX 3 ¼ k a À 1 ð ÞX 3 . k a > 1 corresponds to an elongation and k a < 1 to a compression. Similar treatment applies to the axial torsion, represented by axial torsional stretch k u . The angle by which a cross-section atX 3 (with corresponding revolution angleû ¼X 3 l ) is rotated around the centeraxis can be computed as Dû ¼ k u À 1 À Áû . Therefore, k u > 1 denotes a rotation in the direction consistent with the handedness of the considered helical assembly, while k u < 1 determines a rotation in the opposite direction.
Kinematics
As stated in the previous section, we are interested in analysing the response of a helical structure when subject to macro-deformations. Because we cannot directly translate those stretch definitions into displacement boundary conditions, that macroinformation needs to be converted into a local deformation measure, such as the deformation gradient.
It is important to keep in mind that, even if a three-dimensional body has been described, the solution domain is two-dimensional, corresponding to the planar geometry's image at X 3 ¼X 3 , taken as representative cross-section. Because we do not want a X 3 dependence for the in-plane coordinates, we will make use of a rotated coordinated system (with base vectors (A 1 ; A 2 ; E 3 )), with respect to which a point X of the undeformed configuration can be described by the coordinates H ¼ H 1 ; H 2 ;X 3 . The rotation matrix describing such coordinate transformation is defined as follow: 
and, thus, the point X coordinates could be written equivalently in global coordinates as:
The deformed coordinates of any point x (see Fig. 3 for a graphical representation.) of the current configuration can be computed from the undeformed coordinates by imposing an average displacement u, function of the axial displacement DX 3 and the axial torsion Dû, and then adding a local displacement correction vector Dh. This allows the imposed deformation, otherwise rigid, to relax and to exhibit local warping, corresponding to the total displacement u ¼ u þ Dh. The resulting global coordinates of the deformed point x are: 
where rX 3 ; k u is the rotation matrix mapping the twisted local coordinate system to the global coordinates system, defined as follow: In the center, the deformed shape due to axial torsion is displayed, with total torsion applied to the end of Dû ¼ ku À 1 À Áû . On the right, an axial elongation of DX3 ¼ ka À 1 ð ÞX3 has been applied. A combination of the two is also possible. Boundary conditions are set to be consistent with helical symmetry, therefore allowing radial displacement. 
Now that the kinematics have been defined, the deformation gradient F and Green-Lagrange strain E can be derived.
The deformation gradient is derived from Eqs. (2) and (3) in the global coordinate system and then transformed into the local coordinate systems by means of the rotation matrices R and r Eqs. (1) and (4) as follows:
After computation, we obtained the following result (that closely resembles the one that can be found in Zubov [37] ):
The Green-Lagrange strain can be then computed from Eq. (5) as:
Due to their lengthiness,Ẽ MN components are not reported here.
As it can be seen,F mN (and derived strain measures) are not dependent ofX 3 , but only of the material coordinates (H 1 ; H 2 ), the local corrections (Dh i ), their material derivatives (Dh i;J ) and the applied macro-stretches k a and k u .
Constitutive properties
If the specific internal energy W is chosen to be independent fromX 3 , both F and E not being functions ofX 3 , then also the resulting stress tensors will be uniform in the out-of-plane coordinate. In other words, state variables result to be constant along the helical direction: translational invariance is thus proved.
Weak variational form
The principle of virtual work as found in Bonet and Wood [38] is considered here. To simplify derivation, the displacement vector Dh and its derivatives (Dh ;1 and Dh ;2 ) are grouped in one single vector Dh 0 , with corresponding virtual velocities dDh 0 .
For the static case, where there are no contribution from the virtual kinetic energy, the following holds:
where A 0 is the undeformed integration surface, @A 0 is the surface boundary, S the Second Piola-Kirchhoff stress tensor, d _ E the virtual variation of the Green-Lagrange strain tensor and dA and dl the integration variables.
The corresponding linearized version results as:
To compute the derivative of the internal work contribution DdW int /; dDh 0 ð ÞDh 0 ½ , we make use of the following relations
As for the contribution of the external virtual work, we have:
where the body forces f input is zero because independent from the current geometry [38] and the explicit derivation of surface traction contribution is omitted because no tractions are thereafter considered. By replacing the directional derivatives appearing in Eq. (7) with the equivalent quantities written in term of partial derivatives
we finally obtain Fig. 3 . A section lying at X3 ¼X3 is deformed under axial elongation and axial torsion. The total displacement vector u corresponds to the sum of the imposed displacement vector u, function of DX3 and Dû, that corresponds to the rigid translation of X to X, and of the displacement correction vector Dh, that allows to find the current position x.
All partial derivatives appearing in Eqs. (9)-(11) are to be evaluated at the current configuration and contain information about the currently applied macro-stretches k u and k a .
After domain discretization and some manipulation, the variational problem in Eq. (6) is now ready for FE implementation through the linear system of equations:
where Dh0 has been replaced by the nodal values Dh by Dh0 ¼ LDh, the matrix L being function of the interpolation functions and of the isoparametric Jacobian. F ext encodes the contribution by the surface tensions obtained integrating Eq. (8), here omitted.
Model verification, results and discussion
The model developed in the previous section has been implemented as a User Element (UEL) in Abaqus. To verify the results, a comparison is done with a full 3D analysis performed with a standard 3D continuum element (C3D15H) in Abaqus. Results for both single helix and embedded helices will be presented. The former is the simplest geometry our code can analyse, while the latter is the closest to the tendon structure, where the embedded helices could be assumed to be the fascicles within the tendon.
Abaqus full 3D model
A corresponding geometry has been recreated as a full 3D model in Abaqus, by applying the same extrusion technique as described in the model derivation. Meshing has been performed with a Matlab script and a 15-node wedge element (C3D15H). Boundary conditions have been imposed by applying an axial displacement and axial torsion to reference nodes kinematically coupled to the top and bottom surface respectively.
Meshing technique and convergence analysis
The automatic triangulation code Triangle [39] has been used for the planar mesh creation (see sample meshes in Figs. 4, 9 , 10) . Thanks to the second order isoparametric triangular elements (6-nodes, 3 integration point) used here, results are very accurate already at low mesh resolution. Fig. 5 shows the quick convergence of results with increasing mesh refinement.
Constitutive model
Virtually any elastic constitutive model could be directly implemented. For the sake of verification, a compressible Neo-Hookean [40] model has been used with the strain energy density W defined as follows:
where I 1 ¼ J À2=3 I 1 ; I 1 ¼ C : I being the first invariant of the right cauchy tensor C ¼ F T F. l and j are the shear modulus and the bulk modulus of the material considered. The results presented in the following sections are obtained with values of l and j corresponding to a silicon rubber (l ¼ 20 MPa and j ¼ 1500 MPa [41] ).
Single circular helix
When interested in having a helix with circular cross-section, the computation of its projection to the X 1 X 2 -plane is required: using the classical description of a helix by means of helix angle f, helix radius a and helix wire radius r the boundary of the projection (see Fig. 6 ) can be described by the following formula (adapted from [36] ):
being u Ã ¼ Àr sin a cos 2 f= sin f computed by projecting the helical body to the plane X 3 ¼X 3 ¼ 0 and a 2 0; 2p ð Þbeing the parametric variable describing the closed loop.
Four different configurations have been tested, with changing helix angle, ranging from 30 to 75 , while radii are kept constants at a ¼ 1:0 mm and r ¼ 0:5 mm.
The two load cases are considered separately and Fig. 7 shows the resulting normalized axial force and axial moment for the aforementioned configurations. The results show good agreement and it is also interesting how the planar model matches the complex behaviour of the axial moment. Table 1 shows the resulting displacements Dh and corresponding errors at the location where highest out-of-plane displacement Fig. 4 . Examples of meshes considered for the convergence analysis. The considered undeformed configuration has a helical angle of f ¼ 60 and a radii ratio a=r ¼ 2. Thanks to the second order triangular elements used here, the contour is well described. is measured. As shown in Fig. 9 , in the axial extension case, the section undergoes a considerably high rotation around the radial axis and displays slight warping. For the axial torsion case, instead, the macro axial displacement is restricted, thus out of plane warping is the main mode of deformation. In both load cases the considered cross-section undergoes high radial displacement (not visible in Fig. 9 , since each section has been centered for better visualization), that are perfectly predicted by the planar model as well.
Kinematic verification

Helices embedded in matrix
A closer representation of real tendons could be seen in helices embedded in a circular, more compliant, matrix. This geometry is easily constructed by simply adding a region with different material geometries surrounding the circular helices we characterized before. The assembly considered exhibits a circular pattern, having each ''slice" exactly the same geometry and material properties. This allows the introduction of additional boundary conditions in order to further reduce the number of degrees of freedom ( Fig. 10 ). It follows that:
with the displacement allowed only in radial direction:
For this verification case, we will consider configurations with constant helix angle and radius of the embedded helices, but with increasing number of helical inclusions. As for the case of a single helix, Figs. 8 and 11 show a good match as well, both in terms of axial forces and moments and as displacements. Both phases have been modelled with a Neo-Hookean formulation (see Section 2) with l ¼ 20 MPa and j ¼ 1500 MPa for the helical inclusion and l ¼ 0:02 MPa and j ¼ 1:5 MPa for the embedding matrix. Fig. 6 . Different single helix configurations with increasing helix angle f. The steeper the helix is (f ! 90 , corresponding to l ) 1), the closer to a circle the section is. For helical centerlines, l can be computed as l ¼ a tan f, where a is the helix radius and f is the helix angle. Fig. 7 . On the left, the response as axial force and moment of a single helix to axial elongation. For each configuration, the maximum axial elongation corresponds to twice the value for which we have complete straightening (computed as ka;max ¼ 2 sin f À 1). On the right, the normalized axial force Fa=F end a and moment Ma=M end a , responses to the axial torsion ku, are shown. In this second load case, the maximum axial torsion corresponds to deforming the helix to obtain a resulting helix having five times the initial number of turns.
Computational time
Goal of the introduction of the here presented model was to decrease the number of degrees of freedom and consequently increase computational efficiency. Another aspect is scalability: the leaner the model is, the more complex the analysis can be. Fig. 12 shows how increasing the number of elements over the cross-section impacts on the computational time required to complete the analysis. As it can be seen, the current model scales linearly, while the full 3D model scales exponentially. . 9 . Resulting deformations for both load cases considered. On the left axial extension and on the right axial torsion. Axial displacement is here represented for better visualization of the deformed shapes. Radial axis is displayed dashed. The yellow arrow highlights the point whose resulting displacement is shown in Table 1 . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
Conclusions
A planar nonlinear FE model has been developed to compute the response of helical bodies under homogeneous deformation, where axial elongation and torsion have been used as example case. Results for the cases of a simple circular helix and of multiple helices embedded in a compliant matrix have been matched to the responses obtained by an equivalent full 3D FE model. They show very good agreement in the range of configurations that the considered application will require. For the load cases considered, it has been shown that the current model, thanks to its finite strain approach, can accomodate not only highly nonlinear geometrical effects, such as radial motion of the planar section and its relative rotation and warping, but also hyperelastic material models. Furthermore, computational time is drastically reduced when considering assemblies with high mesh complexity.
Further development will include additional material models that better predict the behaviour of biological tissues. Fig. 11 . Deformed shapes comparison between UEL (top) and Abaqus standard C3D15H element (bottom). UEL results are displayed thanks to the introduction of ''dummy" elements, which displacements and state variables are mapped to (using the code ABAQUSER [42] ). 
